The recently introduced concept of k-power domination generalizes domination and power domination, the latter concept being used for monitoring an electric power system. The k-power domination problem is to determine a minimum size vertex subset S of a graph G such that after setting X = N [S], and iteratively adding to X vertices x that have a neighbour v in X such that at most k neighbours of v are not yet in X, we get X = V (G). In this paper the k-power domination number of Sierpiński graphs is determined. The propagation radius is introduced as a measure of the efficiency of power dominating sets. The propagation radius of Sierpiński graphs is obtained in most of the cases.
Introduction
The motivation for the power domination in graphs is the problem of monitoring an electric power system by placing as few measurement devices in the system as possible [3] . Actually, several hundreds of measurement units for monitoring an electric power system have been installed world wide. For a detailed description of the application in power networks and for related references see the very instructive introduction of [1] .
The problem of monitoring an electric power system was formulated in graph theory terms as follows [13] . Let G be a graph and S ⊆ V (G). Then the set M(S), called the set of vertices monitored by S, is defined as follows. Initially, the set M(S) consists of all vertices dominated by S. After that, we repeatedly add to M(S) vertices x that have a neighbour v in M(S) such that all the other neighbours of v are already in M(S). We continue this process until no such vertex x exists, M(S) being the obtained set. The set S is a power dominating set of G, PD-set for short, if M(S) = V (G). The power domination number γ P (G) of G is the minimum cardinality of a PD-set in G. Actually, the formulation of the power domination problem as just given is not the original definition but an equivalent simplification of it that was independently proposed in [7, 9] . Recently, the power domination was extended to the so-called generalized power domination [5] . The generalization is that a non-negative integer k is given and then a vertex x is added to the set M(S) of already observed vertices provided that x has a neighbour v in M(S) such that at most k neighbours of v are not yet in M(S).
After the power domination was proposed as a graph theory problem, it has received a lot of attention, especially from the algorithmic point of view. For complexity results and related topics (like parametrized power domination complexity and approximation algorithms) see [1, 2, 4, 12, 13, 21] . In particular, the problem of deciding whether there exists a power dominating set of a given size is NP-complete for planar bipartite graphs [4] . On the other hand, linear-time algorithms for finding a minimum power dominating set were given for trees [13] , for block graphs [27] , and for interval graphs [22] . The exact value of the power domination number was determined for some products of graphs in [7, 9] , bounds for the power domination numbers of connected graphs and of claw-free cubic graphs are given in [31] . As already mentioned, the k-power domination was first studied in [5] . It was further investigated in [8] .
Sierpiński graphs form a two parametric family of graphs introduced in [18] , motivated by the Tower of Hanoi problem and studies of certain universal topological spaces. See recent books [16, 24] for many connections between Sierpiński graphs and these two topics and [17] for the problem of when Sierpiński graphs embed as spanning subgraphs into the corresponding Tower of Hanoi graphs. In addition, Sierpiński graphs were studied from numerous other points of view, recent investigations include [11, 14, 15, 19, 23, [28] [29] [30] . We also point out that earlier than the Sierpiński graphs, the so-called WK-recursive networks were introduced in [6] , see also [10] . WK-recursive networks are very similar to Sierpiński graphs-they can be obtained from Sierpiński graphs by adding a link (an open edge) to each of its extreme vertices. In addition, Sierpiński graph were independently studied in [26] .
We proceed as follows. In the next section concepts needed in this paper are introduced and some known results recalled. Then, in Sect. 3, we determine the k-power domination number of Sierpiński graphs. This seems to be the first class of graphs of fractal nature, for which the power domination number is determined exactly. Actually, for only few non-trivial families of graphs the exact power domination number is known. In the subsequent section we introduce the concept of a propagation radius as the minimum number of propagation steps over all kPD-sets. We were in particular motivated by the investigations of Aazami in [1] , where the problem of determining a minimum size power dominating set is studied under the additional condition that the number of propagation steps in bounded by a fixed constant. In the final section the propagation radius of Sierpiński graphs S n p is determined for most of the parameters p and n. 
Preliminaries

All graphs G = (V (G), E(G)
)v is N G [v] = N G (v) ∪ {v}. The open (resp. closed) neighbourhood N G (S) (resp. N G [S]) of a set S ⊆ V (G) is
G).
A dominating set of a graph G is a set of vertices S such that
v) between vertices u and v of a connected graph G is the number of edges on a shortest u, v-path. The eccentricity of a vertex u is max x∈V (G) d G (u, x). The radius of G, denoted by rad(G), is the minimum eccentricity of the vertices of G.
Let
of vertices monitored by S at step i are defined as follows:
It is also clear (cf. [5] ) that if (S) . When the graph G is clear from the context, we will simplify the notation to P i k (S) and P
∞ k (S).
Here are the key definitions from [5] . Let k, G, and S be as above.
We now turn to Sierpiński graphs. ; n even,
; n odd. 
In the rest of the paper we will consider the k-power domination for k ≥ 1. Hence, until stated otherwise, we will throughout assume that k, p, n ∈ N.
The k-Power Domination Number of Sierpiński Graphs
In this section we prove: [5, Lemma 7] ). Now let n ≥ 3 and p ≥ k + 2. Let S be a kPD-set of S n p and let w ∈ [p] n−2 0 . We claim that
Assume first that |S ∩ V (wS n−2 0 , we obtain:
We next show that γ P,k (S 
(S).
We conclude that S is a kPD-set. Since |S| = (p − k − 1)p n−2 , the proof is complete for the case n ≥ 3 and p ≥ k + 2.
The remaining case to consider is when n = 2. The arguments in this case are similar to those that we used above when p ≥ k + 2. The only difference is that now we have only one subgraph of the form wS 2 p (that is, the one where w is the empty word). Hence no vertex of S 2 p is monitored from outside through one of its extremal vertices and thus we need at least p − k vertices in a kPD-set instead of p − k − 1. It is then easy to verify that kPD-sets of order p − k indeed exist.
Propagation Radius
In practice, besides the minimum size of a kPD-set, the information in how many propagation steps the graph is monitored from a given kPD-set could also be important. For instance, in the path graph, its central vertex seems to be "the best" candidate for the power dominating set, as it propagates to the whole path in the shortest time. We hence introduce the k-propagation radius of a graph G defined as
In [13] , trees T for which γ P,1 (T ) = γ (T ) holds were characterized. This result naturally leads to the more general question for which k and which G, γ P,k (G) = γ (G) holds. From this point of view we observe the following:
Note that γ P,k (G) can be any positive integer less than γ (G) as soon as rad P,k (G) > 1. Indeed, if n ≥ 2, then let T n be the tree obtained from the star K 1,n by subdividing each of its edges. Then γ P,k (T n ) = 1 and γ (T n ) = n.
Recall from [5, Lemma 7] that if (G) ≤ k + 1, then γ P,k (G) = 1 and that any vertex of G forms a power dominating set. From the proof of this result, it readily follows:
On the other hand, to see that γ P,k (G) = 1 in general does not imply that rad P,k (G) = rad(G) consider the following example. For n, k ≥ 1 define the peacock P 
To conclude that rad P,k (P k n ) = n + 1 it suffices to observe that no vertex different from x is a PD-set. This is true for any vertex u i because then no propagation would be possible from x having n + k > k neighbours not yet monitored. Similarly, no vertex v i , w i , or v i,j can form a kPD-set, because (at least) vertices u 1 , . . . , u k+1 would not get monitored. Note that the arguments of the proof of Proposition 4.3 apply to any graph that is constructed as P k n , except that the path on vertices u 1 , . . . , u k+1 is replaced by an arbitrary graph of order at least k + 1. (Using this fact, a graph theorist with artistic gift has many options to draw a fine picture of the peacock's body.)
Corollary 4.4 For any positive integers k and t , there exists a graph G with
All the graphs from the proof of Corollary 4.4 have radius 2. To construct graphs with arbitrary radius that lead to the same conclusion, let P k n,r be the graph obtained from the disjoint union of the peacock P k n,r and a path P 2r , r ≥ 2, by identifying a leaf of P 2r with u 1 . Then rad(P k n,r ) = r + 1 and rad P,k (P k n,r ) = max{n + 1, 2r}. Therefore, for any n ≤ 2r − 1, rad P,k P k n,r − rad P k n,r = 2r − (r + 1) = r − 1.
Propagation Radius of Sierpiński Graphs
In this section, we compute the propagation radius of the Sierpiǹski graphs S n p . We first consider the easier case when n ≤ 2. First note that if p = 1 or n = 1, then the graph is a complete graph and the propagation radius is 1. 
